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23. 2. Convergence of

Levy-liab functional.



23.2. Convergence of Levy-rich fundional

We consider the Hamiltonian

Hr =(rx, +V(xi)) +1w( - j)
i=( <j

in the semiclassical mean-fieldregime

b =NY, x =N- !

We will prove that the resoled levy-licb density

functional

Er (f): ==inf
<Nw, HrrD
--

114r1=/ N

Fr=f

converges to the Thames-Fermidensity functional

ETF(f):=ko
*
+.Vf+ SSFeify) wla- glares

Amptionsonthe + Lis") withpip [eta

·) w admits the decomposition

w(x) =P(gr kfr)d(r)
for a positive measure is on 10,0) and e

family of even functions 0! grtLP+22, p,96[2+1,0)



the decomposition implies that Elle)=(gran
->essentially (k) 20 plus some regularity.

this holds for a large class ofpotentials

including cowloub, as we have the

Feffermans - be to have formula

=H.* lip) reinso

Th Lemme convergence ofLL to TF)
-

For all ok1, when N- so, the Levy-Lieb functional

En converges to the tomes-Fermi functional EN

in the following sense:

(i) (lower bound) For every sequence 0frnt*
such that int fr =1 and for toin 2,then

lin inEr (fr)(_ETF(f)
N +0

(ii) Cupper bound) For every offGL'nL'*** Such
that If=1, there exists a sequence ofSlater

deferments TNELE CRONS such thatfor for of
strongly in Lehit" and

limsu Er(_(r) 1 STFCf).
N- -



Proof <Sketch)
-

lower band
Consider a normalized ArtCIRA) withfrom -f
in Lett. We have

<Y, Hr Prob
-Grzeler)+hfer thdr,Zwanspo

N

By the convergence of the kinetic energy we have

enter,Z-xr)?If 1+4d
1120

Moreover, since frof in LA4d and If =1. by
interpolation for up weary in 5, rE(1,1+40]
Under the condition VGL0+19, 0.98 [1 + 2,0)

we deduce

SUfr-SVf.

It remains to consider the interaction term. Using

w(x-y) =30p((y-zgr)(x-y) =neotgrazg_s
we find that

CYWI Ew(x-yer) =Ypsdyr18(x-8gy-zr)icj

For every who and ZEI", by the Coudy. Schwert

inequality we get



↳r 8 (ri-tgr(x-tyr) =
= I [Yrs (8-e-E)Yr)-derszed

=[rigrc-zer)" -Corse -Her]
=[N(fr-gr)" (t) - N(frrg) ()]
Since

forofin LCRO) for all 120? 114 and

fr, y." E(0+LY, &19t[1+,0), we final that

lin (fr*gr((z) =(frgr)(z)
N->

lim (fr*gr) (t) =(f * ge) CH.
No

Hence for every
lim in par er,Grei-z) frg.-z) walNts

Ilimingp-2 I[NCANEgr)CH) - NCNrg) (n]=
N +x

=I(f-gr) (z).

Therefore, by Faton's lemme

liningN-2 ere -Yr =
Ne

-einster it werearter-ser



-Ser fg =Sfefeg wages

Thus,
einingtr =I(f)N -0

Since the only condition on Math is for- we

get
einingEr(fr)? STFLA).
N

Herb
Let O? FEL's LP+4 with SF-1. By the

the about the convergence ofthe kinetic energy,

there exist sloter determinants for the CRON)

such that fir-fp -> fstrongly in Linked and

line or constrat
Convergence ofexternal potential term works

as for lower bound.

Now the interaction term. Since or is a slater

we have

-Ya, zwar is putina series-Wrisij
wery)dei,



em:chock

we will leavethis computation for a second

and use who to get

Cr Iwe-zer = I S) grcelfer(y) ose-y) day
22,

=SSfrsfry) wiry) day

the convergence fotoin L'n't** andthe

essumption we LP+ Le, imply food

frtw ->faw in 28

by Young's inequality:1) fagloHfPplyly
Hence

No<fr, zw(-5) tr) = SS frsfry) way)
zaj

no IJSf(f(y)w(x
-

y) body

All together

linsup-STF(fN-
A

Solution of

recoll Sloter:andup.....ero sign run... rar, her



<Tr, Iw(x-5)Yr) =
↓

ij
Slofen

=1 2 squa.syng Tra il .... me),wigY....(r)f(N)

eN? 8,5 itj
Non

I 9=gop' andDante g'=gooI
=

syn8S:Savie...
getthe

=> (ses= Ejes,aswas in

W(x-y) Mgicy(x)eg()(y) -

-

Jordy ej wargs (uikuggs-ujung
= I))Ajag geg(y) werg) - Serfg gagsjrg)wirs)



=

I)) SS3) ways ray - ESS INreswaylardy

where, recoll,

-xxy)=Enicestys, gas-fees. Es

23.3. Convergence of ground state andground state energy

Tim
-- Let b ?1. the ground state energy EN of Hr

converges tothe thoues-Fermi energy:

SinSf =1 crescotlN-y

Moreover, iftr 6L? (**) is a ground state of Ha

or more generally

him Ketr) -> ETY,
N-x

then
for -> pt weekly in Lith* (n)

where pi is the unique themes-Fermiminimmter

of
STFCH) =K S f***SVf-SS flify,wegre

satysfyig Sp=1.



Rocks:
3)Itmay happen that Er has no minimizer and /or ETFhas

no minimizer satisfying SPT=1. Nevertheless the

convergence of the ground state is valid

by footit is valiol under more gerand assumptions on

w(x =
1W, e.g. (4)

) Thisrescilt justifies themes-Fermitheory in the

abonic cose, this was first proved by Lieb and

Simon in 1973.

Proof
(Sketch)
-
- Enerys er d:-

Recall the variational principle:

Er=inf Cr, HrYr)=in inf <Prit Pol
Hrll= 1 f?0 1 Infolt=(

SFIA Forf
which can be rewritten es

= inf Eraft; Erfl=inf r)
Pro dull=
If= 1 fro

3-
Recoll

ER=inf b ETF (f):0f Cn *
**

,
s1

For every 0 If 'n'*** sit. If =1, by Gemmacour



Lupper bound), we can find Stater determinants No such

that for for to strongly in L'L'*** and

linsup E S eimsep Er(fr) STF(fl
N-0 N -0

Optimizing over f we obtain

ein ETF

mysherthere
Mr(-rAr Vai)(

which by lies-thirring gives

orie +SVfKff*Sufer

for a constoul Kaso. Since VGLP+19, pig-tet, al
we have

Ko-Str-
Thus Er is boundedfrom below. Moreover, if the
-

were function satisfies Len, Hortro) =En +0CN)

then fitfor is boundedin 11th (HY

Up to a subsequence, we can assume

for - ifin the CAO)



Hence, by Gemme convergence (lower bound) we have

liningEr =liningade Enfr)?TE EF
N-

⑰

Erite:
Show SATF =1

Solution:
-

Assume b) contradiction that IPTF<1.
FOLyC?(R) two small we have

&T + ty =0, ((fT ++z)=1
lie?

STFCT) = SN (fTrcte). Consequentl

0 =( S* Cf +Ge))/==k f** of*)3!
Since this holds Feso we get

kYf" -1 +f*0e.exe
By Newtons theorem

(e)=Sss= f
iF
(y)
- by

123 moth Kelly13

-S=
Thus K pTFCes"?, - **- (1-SfTF) is e



this implies

pre which contradic JfTFco.
#


